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1 Introduction
Geometric structures have come to play an increasingly prominent role in the development
of quantum theory. An early instance of this is Kibble’s [2] notion of the geometrisation
of quantum mechanics, based on the observation [3] that the (projective) Hilbert space is
equipped with a natural symplectic structure in terms of which quantum dynamics can
be recast in a form identical to that of Hamilton’s formulation of classical mechanics.
Following this, Provost and Vallee [4] highlighted that quantum state space also permits a
Riemannian metric, compatible with the symplectic structure, and analysed its properties
on submanifolds of the Hilbert space consisting of generalised coherent states [5]. A range
of studies have subsequently contributed to the formalism and applications of quantum
state space geometry. See e.g. [6] and references therein. Of interest here is the work of
Ashtekar and Schilling [7], which provides a detailed analysis of the physical content of
these structures from the unifying viewpoint of Ka¨hler geometry. Here we will investigate
applications of state space geometry to another topic of much current interest, which shares
a strong geometric underpinning. The AdS/CFT correspondence [8–11] is a conjectured
duality between d + 1-dimensional quantum gravity on anti-de Sitter space (AdS) and a
conformal field theory (CFT ) defined on the d-dimensional boundary of AdS. Central to
this duality is the matching of the symmetries of the two theories: the conformal group
in d > 2 spacetime dimensions is exactly the isometry group of d + 1 dimensional AdS.
A large body of literature has developed around applying the principles of AdS/CFT to
the condensed matter context [12–14], and here too the matching of the symmetries of the
quantum system with those of the geometry is a key feature [15, 16].
In this paper we highlight the usefulness of state space geometry as a means of sys-
tematically constructing geometric dual descriptions of quantum systems. Several char-
acteristic features of the AdS/CFT picture will be seen to emerge quite naturally in this
approach. The central ideas are as follows:
1. The Hilbert space H of a quantum mechanical system is equipped with a natural
metric g and symplectic form σ. WithinH we construct a set S of generalised coherent
states, generated through the action of the system’s dynamical symmetry group on a
fixed reference state. In contrast to most standard coherent state constructions it will
be useful to consider a reference state which is of infinite norm. The elements of S are
therefore more accurately described as members of the rigged Hilbert space containing
H. By construction the action of the dynamical symmetry group leaves S invariant.
2. The system’s Hamiltonian is an element of the dynamical symmetry algebra. As a re-
sult, one of the parameters labelling the elements of S has the natural interpretation
of a time coordinate. The inner product of two such states can then be regarded as
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a transition amplitude which will exhibit transformation properties which reflect the
system’s dynamical symmetries. In fact, this transition amplitude will act as the po-
tential function, similar to a Ka¨hler potential, from which the geometry is generated.
3. Since the elements of S are not normalisable they do not belong to the Hilbert space
proper, and the metric g and symplectic form σ are therefore not defined on S itself.
To remedy this we must regularise the elements of S to render them normalisable
while preserving the invariance of the resulting set of states under the dynamical
symmetry group. This is done by introducing additional regularisation coordinates,
thereby also increasing the dimensionality of the state manifold. These additional di-
mensions are analogues of the radial coordinate appearing in the standard AdS/CFT
picture and has, for the examples considered here, the interpretation of an energy
scale. The resulting state manifold is partitioned into bulk and boundary regions,
consisting of finite and infinite norm states respectively. The metric and symplec-
tic forms is now defined within the bulk with the dynamical symmetries acting as
isomorphisms for both these structures.
4. Drawing on ideas from the geometric formulation of quantum mechanics it is shown
how quantum mechanical expectation values are related to scalar and vector fields
on the state manifold. In particular, the dynamical symmetry generators translate
into real scalar fields of which the Hamiltonian vector fields are precisely the Killing
fields. Conformal transformations are also considered in this framework.
Although this program is quite general we will focus here on the two dimensional case, hav-
ing in mind applications to the AdS2/CFT1 correspondence. Various perspectives on this
duality have appeared in the literature. On the CFT1 side the model of conformal quantum
mechanics (CQM) proposed by de Alfaro et al. [1] has been studied in this context [17–20]
while on the gravity side models of dilaton gravity have featured prominently [21–23]. See
also [24] and references therein. Not surprisingly, the symmetries of AdS spacetime are
again found to be closely related to those of CQM . The role that coherent states and the
symplectic structure on AdS2 plays within this duality have recently also been studied by
Axenides et al. [25].
In this two-dimensional setting the framework above also allows for a gravitational
perspective on the state manifold:
5. Under quite general conditions the two dimensional state manifolds that emerge from
this construction are found to be asymptotically AdS solutions of a class of classical
dilaton models. In the case of CQM the metric is found to be exactly AdS and the
infinite norm boundary states coincide with those identified in Chamon et al. [17].
The dilaton field is shown to correspond to the expectation values of the dynamical
generators. Furthermore, the Heisenberg picture dynamics of these generators are
imprinted on the geometry and thereby also on the dilaton equations of motion. As a
result the dilaton dynamics are very closely linked to that of a conformally invariant
quantum system, a result previously observed in [18].
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The paper is organised as follows. In section 2 we collect results pertaining to geometric
structures on quantum state manifolds and show how the symmetries of these structures
relate to those of the system under consideration. Here we also establish the link between
quantum mechanical expectation values and Hamiltonian flows on the manifold. Section 3
is dedicated to an analysis of two dimensional geometries which result from complexified
time evolution. In section 4 we focus on the de Alfaro-Fubini-Furlan model of CQM and
show how an AdS2 geometry emerges here. We also consider the generators of conformal
transformations, both on the operator and geometric levels, and derive their equations of
motion. In section 5 we adopt a gravitational perspective and show how the state manifold
emerges as the solution of classical dilaton gravity. Here the link between the symmetry
generators and the dilaton itself is established. In section 6 we conclude and identify some
avenues for further investigation. Some technical results are collected in the appendix.
2 Geometric structures on quantum state manifolds
2.1 Definitions
We begin by outlining the construction of Provost and Vallee [4] for defining a natural
Riemannian structure on a manifold of quantum states contained in a Hilbert space H.
Consider a family of normalised state vectors S = {|s〉} ⊆ H parametrized smoothly
by a set of coordinates s = (s1, s2, . . . , sn) ∈ Rn. Associated with each |s〉 is a ray |˜s〉
representing the set {eiθ|s〉 : θ ∈ R} of physically equivalent state vectors. The goal is to
define two geometric structures on the state manifold S, a metric tensor g and a closed
2-form σ. Both of these will be derived from the inner product already defined on H. For
these structures to have physical significance requires that they are invariant under the
replacement |s〉 → eiφ(s)|s〉 which modifies the vectors but not the physical content of the
states they represent. If this condition is met both g and σ may be regarded as being
defined on the manifold of rays S˜ = {|˜s〉}.
Following [4] we define
βj(s) ≡ −i∂j′〈s|s′〉|s=s′ and γij(s) + iσij(s) ≡ ∂i∂j′〈s|s′〉|s=s′ (2.1)
where ∂i ≡ ∂∂si . The tensors γij and σij correspond to the real and imaginary parts of the
inner product and satisfy γij = γji and σij = −σji. Now σ = σijdsi ∧ dsj while the metric
tensor is defined as
gij(s) = γij(s)− βi(s)βj(s). (2.2)
The subtraction of the βi(s)βj(s) terms ensures the invariance of gij(s) under the replace-
ment |s〉 → eiφ(s)|s〉. This invariance, for both g and σ, is apparent in the equivalent
definitions
gij(s) = [ ∂i∂j
′ log |〈s|s′〉| ]s=s′ and σij(s) = 1
2i
[
∂i∂j
′ log
〈s|s′〉
〈s′|s〉
]
s=s′
. (2.3)
These expressions also have the benefit of being invariant under general rescalings |s〉 →
N(s)|s〉 where the scalar function N(s) need not be a phase. In what follows we use
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the notation |·) to denote a potentially unnormalised state. The definitions in (2.3) may
therefore be applied directly to a family of such states {|s)} by replacing 〈s|s′〉 by (s|s′).
This approach is often computationally convenient.
Of particular interest are manifolds of unnormalised states S = {|z)} which are
parametrized holomorphically by a set of complex coordinates z = (z1, . . . , zm) ∈ Cm.
The inner product (z|z) then depends on z and z¯ through the ket and bra respectively. In
these coordinates the non-zero components of g and σ read
gab¯ = gb¯a =
1
2
∂a∂b¯ log(z|z) and σab¯ = −σb¯a = igab¯ (2.4)
where ∂a ≡ ∂∂za , ∂a¯ ≡ ∂∂z¯a and a, b ∈ {1, . . . ,m}. Also, the 2-form σ will be nondegenerate
and therefore a symplectic form, and so S is a Ka¨hler manifold [26] with Ka¨hler potential
1
2 log(z|z).
2.2 Dynamical symmetries
Since g and σ are derived from the inner product on H these structures should be invariant
under unitary transformations that leave the manifold of rays S˜ invariant. If Uˆ is such a
transformation it will induce on S a mapping s→ u(s) according to
Uˆ |s〉 = eiφ(s)|u(s)〉 (2.5)
with φ(s) a scalar function. In the applications that follow Uˆ will represent a dynamical
symmetry of the system under consideration. We therefore adopt the same terminology
here, and refer to these transformations as dynamical symmetries of S. As a result of (2.5)
the inner product of two elements of S will obey
〈s|s′〉 = e−iφ(s)eiφ(s′)〈u(s)|u(s′)〉. (2.6)
Abbreviating t = u(s) and using the definition of the metric in (2.3) now reveals that
gij(s) =
∂tk
∂si
∂tl
∂sj
gkl(t) (2.7)
or, compactly, that g = u∗g. The mapping s→ u(s) is therefore an isometry of the metric
and, by a similar argument, also leaves σ invariant. This link between the dynamical sym-
metries on the quantum mechanical and geometric levels is discussed further in section 2.4.
2.3 Manifolds generated from group actions
We will be interested mainly in manifolds of generalised coherent states which are generated
through the action of a Lie group on a fixed reference state [5, 27–29]. Here we outline
the basic construction, following closely the approach of [5]. Let G be a Lie group with a
unitary representation T (g) acting on a Hilbert space H and let |ψ0〉 ∈ H be an arbitrary
fixed reference state. The action of G on |ψ0〉 then generates the set of states
|ψg〉 = T (g)|ψ0〉 g ∈ G. (2.8)
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The states generated in this manner are not necessarily physically distinct, as some may
only differ by a phase. The isotropy subgroup H ⊆ G of |ψ0〉 consists of all h ∈ G such that
T (h)|ψ0〉 = eiα(h)|ψ0〉. (2.9)
If g1, g2 ∈ G satisfy g−12 g1 ∈ H then |ψg1〉 and |ψg2〉 will therefore be related by a phase and
correspond to the same point on the manifold of rays |˜ψg〉. To eliminate this redundancy
one should consider, instead of G, the factor space
X = G/H = {gH : g ∈ G} (2.10)
of left coset classes of G with respect to H. Each coset class corresponds to a unique ray
and so it is natural to label the coherent states using elements of X rather than G. Let
x(g) = gH denote the coset class containing g and let g(x) denote a particular representa-
tive member of x. We now define the set of coherent states by
|x〉 = |ψg(x)〉 x ∈ X (2.11)
for which
|ψg〉 = eiα(g)|x(g)〉 (2.12)
where α(g) coincides with α(h) on H. It is well known that X is a homogeneous space on
which G acts smoothly via g1(gH) = (g1g)H. This action is realised on the state level as
T (g1)|x〉 = e−iα(g)|ψg1g〉 = eiα(g1g)−iα(g)|x(g1g)〉 = eiβ˜(g1,x)|g1x〉 (2.13)
where x = x(g). Here β˜(g1, x) = α(g1g)− α(g) depends on x but not the specific choice of
g. The inner product of two coherent states will obey
〈x1|x2〉 = eiβ˜(g,x2)−iβ˜(g,x1)〈gx1|gx2〉. (2.14)
Comparing (2.13) and (2.14) with (2.5) and (2.6) reveals that the action of G leaves both
the metric g and two-form σ defined in (2.3) invariant. In particular, the isometry group
of the coherent state manifold will contain G as a subgroup.
2.4 Remarks
Before we continue it is worthwhile to remark on the dual role that will be played by the
overlap 〈s′|s〉 between elements of the state manifold. In the constructions that follow,
〈s′|s〉 will be seen to correspond to a transition amplitude, and therefore has the nature of
a two-point correlation function. The dynamical symmetries of the system at hand will be
reflected as specific transformation properties of 〈s′|s〉, as expressed in (2.6). These may
severely restrict, and in some cases completely determine, the functional form of 〈s′|s〉. On
the geometric level 〈s′|s〉 acts as the “potential”, quite literally in the Ka¨hler case, from
which the metric g and two-form σ are derived. The dynamical symmetries now manifest as
isometries which, in turn, impose restrictions on the form of g. It is in this way that 〈s′|s〉
will provide the link between the system’s quantum mechanical dynamical symmetries and
their geometric realisation on the state manifold.
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We note that metrics generated via this procedure will always posses an Euclidean
signature. This is a consequence of the positive definiteness of the Hilbert space inner
product and is essential for the interpretation of the metric as a measure of distance in state
space. If we are willing to relax this requirement then two possibilities exist for producing
geometries with non-Euclidean signatures. First, one may consider Hilbert spaces equipped
with an indefinite inner product [30]. The work of Kastrup [31] which deals with the
construction of unitary representations of the conformal group on such spaces may be of
interest here. This possibility will be pursued elsewhere. A second approach would be to
make use of an analytic continuation to imaginary time. We will return to this point in
section 3.2.6 once the role of time in our construction has been discussed.
2.5 Quantum expectation values and flows on the manifold
2.5.1 Background
In [7] Ashtekar and Schilling developed a geometric formulation of quantum mechanics in
terms of the Ka¨hler structure defined on the full (projective) Hilbert space. In this setting
every unitary transformation Uˆ = exp[iλGˆ] gives rise to a transformation that leaves the
metric and symplectic form invariant. In particular, it was shown that if the expectation
value of the generator Gˆ is regarded as a real scalar field on this manifold its Hamiltonian
vector field is precisely the Killing vector field associated with Uˆ . Here we reproduce this
result with two modifications. First, since S is generally a submanifold of the full Hilbert
space we only consider transformations that leave S˜ invariant, at least infinitesimally. Sec-
ondly, we allow for non-Hermitian generators Gˆ, having in mind applications to conformal
transformations later.
2.5.2 Preliminaries
Here we restrict the discussion to states which, when unnormalized, can be parametrized
holomorphically by a set of m complex coordinates as |z) = |z1, . . . , zm) with zj = aj + ibj .
The tangent space at |z) can then be identified with spanR{∂ai |z), ∂bi |z)}. Note that this
real vector space is invariant under multiplication by i in that i∂ai |z) = ∂bi |z). In arbitrary
real coordinates {si=1,...,2m} this is expressed through a linear mapping J (the complex
structure [26]) acting on the tangent space as
i∂k|s) = J jk∂j |s). (2.15)
In these coordinates the components of J are real and satisfy J ikJ
k
j = −δij , reflecting the
fact that J2 = −1.
At this stage it is useful to revisit the construction of g and σ in section 2.1 in a slightly
different light. Consider a state |s〉 on the manifold. The tangent space at |s〉 in the full
Hilbert space H may be identified with H itself. If |a〉 and |b〉 are two tangent vectors at
|s〉 then the inner product of their components orthogonal to |s〉 is
Is(|a〉, |b〉) = 〈a|b〉 − 〈a|s〉〈s|b〉. (2.16)
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The real and imaginary parts of Is are
Gs(|a〉, |b〉) = Re[Is(|a〉, |b〉)] and Ss(|a〉, |b〉) = Im[Is(|a〉, |b〉)] (2.17)
and these are then real valued, R-bilinear forms on this full tangent space. These forms
play a central role in the definition of the Fubini-Study metric and associated symplectic
form on the projective Hilbert space [32]. When restricted to the tangent space of S ⊆ H
these reproduce the definitions of g and σ as
Gs(∂i|s〉, ∂j |s〉) = gij and Ss(∂i|s〉, ∂j |s〉) = σij . (2.18)
Furthermore, it is seen that Gs(i|a〉, |b〉) = Ss(|a〉, |b〉) and therefore
σij = J
k
i gkj and Jij = σji. (2.19)
Combining the above with (2.4) also reveals that in complex coordinates
J b¯a = J
b
a¯ = 0 and J
b
a = −J b¯a¯ = iδba. (2.20)
2.5.3 Construction
Consider an operator Gˆ that generates an infinitesimal transformation akin to (2.5) that
leaves the manifold of rays S˜ invariant while modifying the state vectors by a scalar pref-
actor. There then exists a scalar function φ(s) and vector field XGˆ = k
i∂i such that
Gˆ|s〉 = φ(s)|s〉 − iXGˆ|s〉. (2.21)
The goal here is to relate XGˆ to 〈Gˆ〉 ≡ 〈s|Gˆ|s〉 which can be regarded as a scalar field on
the state manifold. Here Gˆ need not be Hermitian, and so we write Gˆ = Gˆ1 + iGˆ2 with
Gˆ1,2 being Hermitian. Combining (2.21) with (2.18) yields Ss(iGˆ|s〉, |s〉j) = kiσij where
|s〉j ≡ ∂j |s〉. By the R-bilinearity of Ss we also have
kiσij = Ss(iGˆ|s〉, |s〉j) = Ss(iGˆ1|s〉, |s〉j) + Ss(−Gˆ2|s〉, |s〉j) (2.22)
= Ss(iGˆ1|s〉, |s〉j) + JkjSs(−iGˆ2|s〉, |s〉k) (2.23)
= Ss(iGˆ1|s〉, |s〉j) + JkjGs(Gˆ2|s〉, |s〉k) (2.24)
= −1
2
∂j〈Gˆ1〉+ 1
2
Jkj ∂k〈Gˆ2〉 (2.25)
where the final line follows from the definitions in (2.17) and (2.18). Using σikσ
kj = −δji
and gij = σikJ jk we can express k
i as
ki = −1
2
σij
[
∂j〈Gˆ1〉+ J kj ∂k〈Gˆ2〉
]
= −1
2
[
σij∂j〈Gˆ1〉+ gij∂j〈Gˆ2〉
]
. (2.26)
The vector field XGˆ is therefore a combination of gradients associated with the symplectic
and Riemannian structures respectively. Using (2.20) this result simplifies in complex
coordinates to
ka = −1
2
σab¯∂¯b〈Gˆ〉 and ka¯ = −1
2
σa¯b∂b〈Gˆ〉 (2.27)
while XGˆ = k
a∂a + k
a¯∂a¯ then XiGˆ = i(k
a∂a − ka¯∂a¯).
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2.5.4 Vector field actions
From (2.21) it follows that the action ofXGˆ on an arbitrary expectation value 〈Oˆ〉 ≡ 〈s|Oˆ|s〉
is
XGˆ〈Oˆ〉 = i〈OˆδGˆ− δGˆ†Oˆ〉 (2.28)
with δGˆ = Gˆ− 〈Gˆ〉. For Hermitian Gˆ we therefore find
XGˆ〈Oˆ〉 = 〈[−iGˆ, Oˆ]〉 and X ˆiG〈Oˆ〉 = 〈{−δGˆ, Oˆ}〉. (2.29)
Suppose the dynamical symmetries of S are generated by a Lie algebra spanned by the
Hermitian operators {Dˆi}. The vector fields {XDˆi} then provide a representation of the
real Lie algebra spanned by {−iDˆi} while the scalar fields {〈Dˆi〉} transform under the
adjoint representation.
3 One- and two-dimensional state manifolds
3.1 One dimension
As a first example we consider the one-dimensional manifold corresponding to the trajectory
of a state through the Hilbert space under the reverse time evolution generated by a
Hamiltonian Hˆ. We set
|t〉 = eitHˆ |φ0〉 with t ∈ R. (3.1)
In the coherent state language G = (R,+), while the isotropy subgroup H ⊆ G will depend
on the details of the Hamiltonian and the reference state. Excluding the case where |φ0〉
is a Hˆ eigenstate, H will either be trivial or, if the dynamics are periodic, a discrete
subgroup of G. In the latter case X = G/H ∼ U(1) and t is a periodic coordinate. The
inner product from which the metric is obtained via (2.3) takes the form of a transition
amplitude 〈t|t′〉 = 〈φ0|e−i(t−t′)Hˆ |φ0〉. A simple calculation yields the static metric
g = 〈φ0|(δHˆ)2|φ0〉dt2 (3.2)
where δHˆ = Hˆ − 〈φ0|Hˆ|φ0〉. The distance scale in g is therefore set by the uncertainty in
the energy of the evolving state; a result clearly reminiscent of a time-energy uncertainty
relation [33].
3.2 Two dimensions
3.2.1 Motivation
Imagine attempting to repeat the construction of the previous section using an non-
normalisable (infinite norm) reference state |φ0). The notion of symmetry transformations
which leave the resulting set S∞ ≡ {|t)} invariant, as expressed in (2.5), would still be
applicable in this context. However, it would no longer be possible to construct a metric
from the definitions in (2.3) due to the singular nature of the inner products and matrix
elements involved. Despite this difficulty, this case will be of particular interest here. This
stems from the potentially enlarged set of dynamical symmetries associated with S∞. To
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see this, let us first return to the normalisable case and note that the associated metric
in (3.2) is maximally symmetric since it is one dimensional and has time translation as a
continuous isometry. However, from the discussion in section 2.2 we know that any contin-
uous symmetry of S = {|t〉} will also translate into an isometry, and so we must conclude
that time translation can be the only continuous dynamical symmetry of S. This restric-
tion falls away for S∞, since here the metric is not defined. This raises the possibility that
an appropriate non-normalisable reference state could allow for a larger set of the system’s
dynamical symmetries to be realised as symmetries of S∞. Our goal will be to use these
states as a starting point for constructing a manifold of normalisable states with a corre-
sponding metric on which this enlarged set of transformations act as isometries. It is clear
that this will require both the inclusion of additional dimensions as well as a regularisation
scheme for rendering the elements of S∞ normalisable. Crucially, the combined effect of
these two operations must preserve the symmetries exhibited by S∞. These questions are
central to our work. In the next section we show how these issues can be resolved in a
simple and natural way which links closely with ideas from the AdS2/CFT1 context.
We remark that, given the rather restricted nature of highly symmetric two-
dimensional geometries, the preceding discussion was perhaps overly general. However,
the goal was to emphasise the main ideas and considerations which will also enter in higher
dimensional constructions, but where the resolution of these issues are much more involved.
3.2.2 Construction
Consider again the one-dimensional construction in section 3.1. Although the following
will focus on the case of a non-normalisable reference state, many of the results also apply
to the normalisable case. Our task is to introduce a regularisation scheme for the states
S∞ = {|t)} that will allow for the definition of a metric and symplectic form while retaining
the full set of dynamical symmetries exhibited by S∞. To accomplish this we introduce a
regularisation coordinate β, thereby also increasing the dimension of the state manifold.
The simplest approach for doing so also turns out to be the most useful: we complexify
time and identify β with its imaginary part. This leads to the family of states
|t, β) = ei(t+iβ)Hˆ |φ0) with (t, β) ∈ R× (β0,∞) (3.3)
where it is assumed that the e−βHˆ factor renders |t, β) normalisable for β > β0. Through
an appropriate redefinition of the reference state we may take β0 = 0. This leads to a
natural partitioning of the state manifold into infinite norm “boundary” states at β = 0
and finite norm “bulk” states at β > 0. The metric and symplectic form can now be
defined in the standard way within the bulk. The dynamical symmetries which acted
on the boundary states as Uˆ |t) ∝ |u(t)) now transform the |t, β) states according to the
conformal mapping t + iβ → u(t + iβ) and therefore represent symmetries of both the
metric and the symplectic form. These transformations also leave the β = 0 boundary
invariant. Furthermore, the regularisation coordinate β clearly has the character of an
energy scale and the metric therefore encodes information about the system’s dynamics
at different energies. These observations suggest that β plays a role analogous to that of
the radial bulk coordinate in the standard AdS/CFT picture.
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Calculating g and σ within the bulk using (2.3) is straightforward, and the results can
be expressed compactly in terms of the three functions
Z(β) = (t, β|t, β), F (β) = logZ(β) and C(β) = 1
4
F ′′(β) = 〈β|(δHˆ)2|β〉 (3.4)
where |β〉 is e−βH0 |φ0), properly normalised. We find
g = C(β)[dt2 + dβ2] and σ = 2C(β)dt ∧ dβ (3.5)
where C(β) is referred to as the conformal factor. The geometric information is therefore
encoded in the derivatives of F (β), which are the cumulants of Hˆ with respect to the |β〉.
For example, the scalar curvature is
R(β) = −∂
2
β log[C(β)]
C(β)
= 4
[
γ(β)2 − κ(β)] (3.6)
where γ(β) and κ(β) are respectively the skewness and kurtosis of the distribution of
energies in |β〉.
Finally, we note that this is also a Ka¨hler manifold with τ = t+iβ as a natural complex
coordinate. The metric and symplectic form may be calculated directly from the Ka¨hler
potential 12 log(τ |τ), with |τ) ≡ |t, β), using the expressions in (2.4).
3.2.3 Asymptotic behaviour
The infinite norm of the reference state |φ0) implies that Z(β) = (t, β|t, β) will diverge as
β → 0. We are interested in the asymptotic behaviour of the metric that results from this.
Taking as an ansatz Z(β) = β−p exp[f(β)] with p > 0 and f(β) analytic at β = 0 yields
C(β) =
p
4β2
+
f (2)(0)
4
+O(β) and R(β) = −8
p
− 16f
(3)(0)
p2
β3 +O(β4). (3.7)
As β approached zero the conformal factor C(β) therefore diverges like ∼ β−2 while the
scalar curvature approaches a constant negative value of −8/p. We recognise this as an
(Euclidean) asymptotically Anti-de Sitter space [21]. It is striking that this particular form
results quite generically from this simple construction.
3.2.4 Scale-invariance
It is clear that the symmetries of the Hamiltonian and reference state are combined in
Z(β) = (t, β|t, β) and imprint on the resulting metric. It is possible that these symmetries
may restrict the form of Z(β) to such an extent that the metric is completely determined.
For example, suppose Hˆ and |φ0) are invariant under scale transformations generated by
a dilation operator Dˆ. Specifically,
e−iλDˆHˆ eiλDˆ = e−αλHˆ and eiλDˆ|φ0) = eγλ|φ0) (3.8)
with α and γ the two scaling dimensions. This implies that Z(β) ∝ β−2γ/α which by (3.4)
fixes the metric as
g =
γ
2αβ2
(dt2 + dβ2). (3.9)
This is precisely AdS2 with a constant scalar curvature of R = −4α/γ. This situation will
be encountered again in section 4 in the context of conformal quantum mechanics.
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3.2.5 Average energy as a radial coordinate
Earlier we noted the interpretation of the bulk/regularisation coordinate β as an inverse
energy scale. For later comparison with results in the literature it will be useful to employ,
in the place of β, the energy expectation value 〈β|Hˆ|β〉 itself as a coordinate. We define
r = −1
2
F ′(β) = 〈β|Hˆ|β〉 (3.10)
which is a monotonically decreasing function of β. Transforming from (t, β) to (t, r) in (3.5)
yields the general forms of g and σ as
g = C¯(r)dt2 +
dr2
4C¯(r)
and σ = −dt ∧ dr (3.11)
where C¯(r) = C(β) is the variance of Hˆ expressed as a function of its expectation value.
This is known as the variance function in statistics literature. Now R(r) = −4∂2r C¯(r) and
manifolds of constant scalar curvature are therefore associated with linear and quadratic
variance functions. To understand the dependence of C¯(r) on r we again employ the
ansatz Z(β) = β−pef(β) discussed in section 3.2.3. This is appropriate for an infinite norm
reference state and was seen to lead to asymptotically AdS geometries. Inserting Z(β)
into (3.4) and (3.10) then yields
C(β) =
p
4β2
+
f ′′(β)
4
and r(β) =
p
2β
− f
′(β)
2
(3.12)
where, as before, f(β) is assumed to be analytic at β = 0. At small β and large r(β) the
variance function will therefore depend on r quadratically as
C¯(r) =
r2
p
+ f ′(0)
r
p
+ · · · (3.13)
In the opposite limit r(β) will approach a constant value, say r0, which corresponds to the
energy of the lowest eigenstate of Hˆ which has a non-zero overlap with the reference state
|φ0〉. Since C(β) ∝ r′(β) this implies that C¯(r0) = 0. The range of r is therefore (r0,∞).
3.2.6 Metrics with a Minkowski signature
Here we return to the question raised in section 2.4 regarding the possibility of generating
metrics with non-Euclidean signatures. Consider the overlap G(t, β, t′, β′) ≡ (t, β|t′, β′).
The dual role of this function as a potential for the geometry as well as a transition
amplitude was emphasised in section 2.4. One may consider a continuation of G to
imaginary time q = −it and study G(q, β, q′, β′) ≡ G(iq, β, iq′, β′). Note that this does not
duplicate the role of β, since the latter represents a continuation of the states themselves,
whereas t → iq amounts to a continuation of the overlap as a scalar function of t and
t′. Therefore q and β remain independent coordinates and β continues to function as a
regularisation parameter and energy scale. If we now regard G(q, β, q′, β′) as the basic
input to the construction then equations 2.1 and 2.2 can be applied as before (with
s = (q, β)) to obtain a two-dimensional metric with Minkowski signature and the desired
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set of isometries. The expectation values of the symmetry generators retain their role, but
are now more akin to Euclidean time one-point functions, i.e. the operators are evolved
with exp[±qHˆ] rather than exp[±itHˆ]. Results that follow can be formally translated into
this setting with only minimal modifications. However, the drawback to this approach
is that, following the continuation of G to G, the concrete link between points on the
manifold and distinct states in the Hilbert space is lost.
3.3 Non-static metrics
The preceding construction can be generalised to include time-dependent Hamiltonians.
We will consider the form Hˆ(t) = Hˆ0 + γ(t)Hˆ1 with Hˆ0 and Hˆ1 static and γ(t) a scalar
function. Definition (3.3) is now modified to read
|t, β) =
{
Uˆ †(t, 0)e−βHˆ0 |φ0) t ≥ 0
Uˆ(0, t)e−βHˆ0 |φ0) t < 0
(3.14)
where Uˆ(t′, t) is the time evolution operator satisfying ∂t′Uˆ(t
′, t) = −iHˆ(t′)Uˆ(t′, t) and
∂tUˆ(t
′, t) = iUˆ(t′, t)Hˆ(t). The overlap of two manifold states is a transition amplitude,
now incorporating the modified dynamics due to γ(t):
(t′, β′|t, β) = (φ0|e−β′Hˆ0Uˆ(t′, t)e−βHˆ0 |φ0) (t′ > t) (3.15)
The procedure for calculating the metric and symplectic form remains unchanged and yields[
gtt gtβ
gβt gββ
]
=
[
〈β|(δHˆ(t))2|β〉 i2〈β|[Hˆ(t), Hˆ0]|β〉
i
2〈β|[Hˆ(t), Hˆ0]|β〉 〈β|(δHˆ0)2|β〉
]
(3.16)[
σtt σtβ
σβt σββ
]
=
[
0 12〈β|{δHˆ(t), δHˆ0}|β〉
−12〈β|{δHˆ(t), δHˆ0}|β〉 0
]
(3.17)
4 Conformal Quantum Mechanics
4.1 Background
In this section we apply the construction outlined in section 3.2 to a model of conformal
quantum mechanics introduced by de Alfaro et al. [1]. This model has attracted attention
as a possible candidate for the one-dimensional conformal field theory dual to AdS2 [17]
and also appears naturally in the boundary dynamics of two-dimensional AdS gravity [18].
It will be shown how these results can be understood within the state manifold picture.
4.2 Definitions
The starting point for the study of conformal quantum mechanics is the classical action [1]
S =
∫
dt
(
x˙2 +
g
x2
)
(4.1)
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for a single degree of freedom x = x(t). Here g ≥ 0 is a coupling constant. This action is
invariant under the conformal transformations corresponding to time translations, dilations
and special conformal transformations. Collectively these are realised as
x(t) → x˜(t˜) =
√
dt˜
dt
x(t) with t˜ =
αt+ β
γt+ δ
and αδ − βγ = 1. (4.2)
On the quantum mechanical level the central objects are the three conformal generators
Tˆ =
1
2
(
pˆ2 +
g
xˆ2
)
, Dˆ = −1
4
(xˆpˆ+ pˆxˆ) and Kˆ =
1
2
xˆ2 (4.3)
expressed here in terms of xˆ and pˆ which satisfy [xˆ, pˆ] = i. These form a representation of
the su(1, 1) ∼= so(2, 1) algebra:
[Tˆ , Dˆ] = iTˆ [Kˆ, Dˆ] = −iKˆ [Tˆ , Kˆ] = 2iDˆ. (4.4)
The su(1, 1) Casimir operator Cˆ = 12 [Tˆ Kˆ + KˆTˆ ] − Dˆ2 is found to equal k(k − 1)Iˆ with
k = (1 +
√
g + 1/4)/2 and the coupling constant g therefore determines the particular
su(1, 1) irrep under consideration. The Hilbert space is spanned by the states {|k, n〉 :
n = 0, 1, 2, . . .} which satisfy
Kˆ0|k, n〉 = (k + n)|k, n〉
Kˆ+|k, n〉 =
√
(n+ 1)(2k + n)|k, n+ 1〉 (4.5)
Kˆ−|k, n〉 =
√
n(2k + n− 1)|k, n− 1〉
where
Kˆ0 =
1
2
[Kˆ + Tˆ ] and Kˆ± =
1
2
[Kˆ − Tˆ ]± iDˆ. (4.6)
Appendix A collects various algebraic identities for this algebra.
4.3 Dynamical symmetries and geometry
Here we will consider the dynamics generated by Tˆ and set |t〉 = eitTˆ |φ0〉. Other choices
for the Hamiltonian will be discussed in section 4.4. The question is now how the reference
state |φ0〉 should be chosen to ensure that {|t〉} exhibits the full set of su(1, 1) symmetries.
The discussion of coherent states in section 2.3 suggests seeking a reference state which is
invariant under dilations and special conformal transformations, i.e. a simultaneous eigen-
state of Kˆ and Dˆ. However, no such state exists in the Hilbert space of normalisable states,
and we are forced to widen our search to include infinite norm states as well. The only
candidate for |φ0) is
|φ0) = e−Kˆ+ |k, 0〉 (4.7)
which has infinite norm and satisfies Dˆ|φ0) = −ik|φ0) and Kˆ|φ0) = 0. This can be
verified using the expressions in (4.5), (4.6) and (A.2). The corresponding family of states
{|t) = eitTˆ |φ0)} is precisely that studied in [17]. The dynamical symmetries are realised as
eiλHˆ |t) = |t+ λ) eiλDˆ|t) = eλk|eλt) eiλKˆ |t) = (1− λt)−2k
∣∣∣ t1−tλ) (4.8)
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which, as per (2.6), imply certain transformation properties for the inner product (t′|t) and
restricts its form accordingly. It is found that
(t′|t) =
[
i
2(t− t′)
]2k
(4.9)
which has the form of a two-point functions of a field with conformal dimension k [17].
The expressions in (4.8) and (4.9) above follow from combining (4.5) and (4.6) with (A.3)
to (A.7). Due to the divergent behaviour of (t′|t) at t′ = t no geometry can be defined on
this set of states. We therefore proceed as in section 3.2.2 and replace t→ τ = t+ iβ and
study |τ) ≡ |t, β) = eiτ Tˆ |φ0). The transformation equations in (4.8) remain valid after this
replacement, while the inner product becomes
(τ ′|τ) =
[
i
2(τ − τ¯ ′)
]2k
. (4.10)
In particular, (τ |τ) = (4β)−2k is finite for β > 0. The resulting metric is
ds2 =
k
2β2
[
dt2 + dβ2
]
(4.11)
which is precisely AdS2 with a scalar curvature of R = −4/k. The three isometries of
this metric correspond to the three dynamical symmetries expressed in (4.8). Through
the regularisation the symmetries of the infinite norm boundary states have therefore been
translated into isometries of the bulk geometry. Note that these transformations leave the
β = 0 boundary invariant. The nature of the bulk states become clear upon noting that,
by (A.3),
|τ) = eiτ Tˆ |φ0〉 ∝ ez(τ)Kˆ+ |k, 0〉 (4.12)
where the state on the right is, up to normalisation, just the standard SU(1, 1) coherent
state with parameter z(τ) = (τ − i)/(τ + i) [5]. This reveals that the full set of states
{|τ = t+ iβ) : (t, β) ∈ R× [0,∞)} therefore consists of two disjoint families of coherent
states: the infinite norm boundary states with β = 0 and |z(τ)| = 1 and the normalisable
bulk states with β > 0 and |z(τ)| < 1.
4.4 General su(1, 1) Hamiltonians
In the previous section we selected Hˆ = Tˆ as the generator of time evolution, but in
principle any other su(1, 1) algebra element with a spectrum bounded from below could
also serve as Hamiltonian. However, this will not lead to a distinct set of states or a
different geometry. For example, the Hamiltonian Hˆho = Tˆ + α
2Kˆ is the analogue of a
harmonic oscillator and possesses an equidistant spectrum. According to (A.3) and (A.6)
the states |τ)ho = eiτ(Tˆ+α2Kˆ)|φ0) are related to those of the “free particle” Hamiltonian
Tˆ through the conformal mapping τfp = tan(ατho)/α. In particular, the underlying state
manifold and geometric structures are identical in these two cases. It is perhaps surprising
that the geometry generated using Hˆho, which is clearly not scale invariant, exhibits the
same isometries as that associated with Tˆ . This underscores that the geometry is really
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determined by the dynamical symmetry group, rather than the particular element of the
algebra chosen as the Hamiltonian. The same observations apply to non-static metrics
generated from time-dependent Hamiltonians via the procedure outlined in section 3.3. If
we restrict ourselves to su(1, 1) generators the resulting bulk geometry must be identical
to the su(1, 1) coherent state geometry, although parametrised in a more complicated way.
4.5 The generators of conformal transformations on the operator and geomet-
ric levels
Here we apply the notions developed in section 2.5 on the link between quantum expectation
values and flows on the manifold to the su(1, 1) model of conformal quantum mechanics.
For concreteness we develop the following in terms of the |τ) = eiτ Tˆ |φ0) states. However, as
outlined in section 4.4, the main results will be applicable to any su(1, 1) Hamiltonian. In
section 2.5.3 a link was established between the expectation value of an operator Gˆ and the
vector field XGˆ of the infinitesimal transformation it generates on the state manifold. Here
we use this result to investigate the generators of conformal transformations, of which the
dynamical symmetry generators constitute a subset, on the operator and geometric levels.
It has been seen that the dynamical symmetries of S = {|τ)} are generated by the
su(1, 1) algebra spanned by {Tˆ , Kˆ, Dˆ}. These act on the unnormalised |τ) states as
Tˆ |τ) = −i∂τ |τ), Dˆ|τ) = −i(k + τ∂τ )|τ) and Kˆ|τ) = −i(2kτ + τ2∂τ |τ), (4.13)
which are just the infinitesimal and complexified versions of (4.8). This suggests a natural
extension to the full set of conformal generators defined by
Vˆn|τ) = −i
[
(n+ 1)kτn + τn+1∂τ
] |τ) (4.14)
where Vˆ1 = Kˆ, Vˆ−1 = Tˆ and Vˆ0 = Dˆ. It can be verified that {iVˆn} satisfies the centreless
Virasoro algebra:
[iVˆn, iVˆm] = (n−m)iVˆn+m. (4.15)
In fact, these operators can be realised explicitly in terms of su(1, 1) subalgebra as
iVˆn = (iVˆ0 + nk)
Γ(iVˆ0 + k)
Γ(iVˆ0 + k + n)
(iVˆ1)
n (4.16)
iVˆ−n = (iVˆ0 − nk)Γ(iVˆ0 + 1− k − n)
Γ(iVˆ0 + 1− k)
(iVˆ−1)
n (4.17)
where n ≥ 0 [34]. The expectation value of Vˆn can be calculated by combining (4.14) with
the explicit form of (τ |τ) in (4.10). Inserting this expectation value into (2.27) then yields
the conformal vector fields
XVˆn = τ
n∂τ + τ¯
n∂τ¯ and XiVˆn = i(τ
n∂τ − τ¯n∂τ¯ ). (4.18)
The Killing vector fields {XVˆ±1 , XVˆ0} provide a representation of su(1, 1) acting on the
space of scalar fields defined on S. For fields that are the expectation values of operators
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the transformations properties under this representation will obviously mimic those of the
operators themselves. For example, consider the conformal generators defined above. For
|n| > 1 these generators are not Hermitian, and so we isolate their Hermitian and anti-
Hermitian parts as Vˆm = Vˆ
(1)
m +iVˆ
(2)
m . Using (2.29) the corresponding set of real expectation
values are found to satisfy
XVˆn〈Vˆ (1,2)m 〉 = 〈[−iVˆn, Vˆ (1,2)m ]〉 = −(n−m)〈Vˆ
(1,2)
m+n〉 (4.19)
for n ∈ {0,±1} and m ∈ Z and therefore carries a representation of su(1, 1). The Casimir
operator Cˆ = X2
Vˆ0
− (XVˆ1XVˆ−1 +XVˆ−1XVˆ1)/2 then satisfies
Cˆ〈Vˆ (1,2)m 〉 = 2〈Vˆ (1,2)m 〉 m ∈ Z. (4.20)
Despite the constancy of Cˆ this representation is not irreducible and may be decomposed
as follows:
• The subspaces spanned by {〈Vˆ (2)n 〉}n>1 and {〈Vˆ (2)n 〉}n<1 are invariant and carry the
k = 2 positive and negative discrete series representations of su(1, 1) respectively.
• The subspace spanned by {〈Vˆ0,±1〉} is invariant and carries the adjoint representation
of su(1, 1). This may also be regarded as the j = 1 representation of su(2) via the
association Jˆz ∼ XVˆ0 , Jˆ+ ∼ XVˆ1 and Jˆ− ∼ −XVˆ−1 .
• The subspaces spanned by {〈Vˆ (1)n 〉}n>1 and {〈Vˆ (1)n 〉}n<1 are not invariant. When
restricted to these subspaces the representation is equivalent to the k = 2 positive and
negative discrete series representations of su(1, 1) respectively. Although reducible,
this representation is therefore not completely reducible.
The expectation values of elements of the enveloping algebra of su(1, 1) can be classified in
a similar way. In fact, through the association with su(2) outlined above this amounts to
the construction of spherical tensor operators. For example, starting with 〈Vˆ1Vˆ1〉 = 〈Kˆ2〉
and applying XVˆ−1 repeatedly generates a set of five real fields which transform under the
j = 2 representation of su(2) and are eigenfunctions of Cˆ with eigenvalue 2(2 + 1).
4.5.1 Summary
Here we collect the results above in a form appropriate for use in later sections. It was
shown that the real scalar fields on S may be classified according to their transformation
properties with respect to the su(1, 1) Killing vector fields. This leads to the eigenvalue
equation Cˆφ(τ, τ¯) = λφ(τ, τ¯). As is well known Cˆ is closely related to the Laplace-Beltrami
operator. Specifically,
∇2 = −R
2
Cˆ = −R
2
(τ − τ¯)2∂τ∂τ¯ (4.21)
with R = −4/k and the eigenvalue equation can therefore be expressed as
∇2φ(τ, τ¯) = −R
2
λφ(τ, τ¯). (4.22)
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For λ = 2 the solutions for φ(τ, τ¯) are linear combinations of the real and imaginary parts
of the expectation values of the conformal generators.
The vector field associated with a generator Gˆ is XGˆ = k
τ∂τ + k
τ¯∂τ¯ where, according
to (2.27), kτ = −12στ τ¯∂τ¯ 〈Gˆ〉. For this to be a conformal transformation kτ must be
holomorphic. Indeed, the requirement that ∂τ¯k
τ = 0 is equivalent to the conformal Killing
equation
∇akb +∇bka = (∇ · k)gab. (4.23)
If we regard this as an equation for 〈Gˆ〉 instead of for {kτ , kτ¯} then the general complex
solution is a linear combination of {〈Vˆn〉 : n ∈ Z} plus an arbitrary holomorphic func-
tion. However, the only real solutions are linear combinations of 〈Vˆ0,±1〉 plus an arbitrary
constant.
Although we have focused on the states |τ) = eiτ Tˆ |φ0) the results regarding the solu-
tions to equations (4.22) and (4.23) are applicable to any su(1, 1) Hamiltonian.
5 State manifolds as solutions of classical dilaton gravity
5.1 Introduction
The geometries we have considered thus far have all emerged from a quantum mechanical
setting in which the inner product, reference state and representation of the dynamical
symmetry group all featured explicitly. We now turn to the other side of the duality
and ask whether these geometries, and the scalar fields defined on them, can be seen as
the result of a classical gravitational theory. In particular, this will involve interpreting
equations (4.22) and (4.23), which are essentially algebraic in nature, as the equations of
motion of a scalar field.
5.2 Static metrics
5.2.1 General
In section 3.2 we considered two-dimensional geometries which result from time complex-
ification. The form of the metric for this case appeared in (3.5) and (3.11). The key
observation here is that this form of g appears quite generally as the solution of classical
dilaton gravity in two dimensions. The action of a range of such dilaton models can be
brought into the form [21, 35]
S[g, η] =
1
2pi
∫
dx
√
g[ηR+ V (η)] (5.1)
where η is a scalar field related to the dilaton, V (η) an arbitrary potential and R ≡ R[g]
the scalar curvature. For conciseness we will refer to η itself as the dilaton. Varying with
respect to g and η yields the equations of motion
R[g] = −V ′(η) and ∇µ∇νη − 1
2
gµνV (η) = 0. (5.2)
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The general static solution for g and η takes the form
g = C¯(r)dt2 +
dr2
4C¯(r)
and η(t, r) = r (5.3)
where g is exactly as in (3.11) and C¯(r) is related to the potential by V (r) = 4C¯ ′(r). In
other words, the dilaton action that produces a metric with a particular variance function
C¯(r) has a potential which depends on η as 4C¯ ′(r) depends on r. Being static this metric
exhibits time translation as an isometry, which is generated by the Hamiltonian on the
operator level and by the Killing field ∂t on the geometric level. The link here is the results
of (2.26) and (3.11) which together imply that XHˆ = ∂t, as it should be. As will be
seen in more detail in the next section, the fact that the solution for η coincides with the
expectation value of a generator of an isometry is no coincidence. In the dilaton context
the interest usually falls on metrics which are asymptotically AdS, which requires that
C¯(r) ∼ r2 at large r. As was seen in section 3.2.5 this asymptotic behaviour is exactly
what is found in state manifolds based on infinite norm reference states.
5.2.2 AdS2
Let us consider now a maximally symmetric example of the preceding construction, one
which is based on the model of conformal quantum mechanics introduced in section 4. We
take as Hamiltonian Hˆ = Tˆ + α2Kˆ and consider the state manifold of |τ) = eiτHˆ |φ0) with
|φ0) as in (4.7). For finite α the dynamics is periodic and t ∈ [0, piα). The lower bound on
r = 〈Hˆ〉 is found to be r0 = 2αk which is the groundstate energy of Hˆ. In (t, r) coordinates
the metric reads
g =
r2 − r20
2k
dt2 +
2k
r2 − r20
dr2
4
(5.4)
which has a constant scalar curvature of R = −4/k. As discussed in section 4.4 this
metric is again just AdS2 and therefore maximally symmetric. According to the preceding
discussion this metric solves the equations of motion for the dilaton model in (5.1) for a
linear potential V (η) = 4kη. This is the Jackiw-Teitelboim model [36, 37], perhaps the most
studied model of two dimensional gravity. As before η(t, r) = r is a solution for the scalar
field equation of motion. However, now other solutions also exist, a fact closely tied to the
enhanced symmetry of this geometry. To see this, we first note that the equation of motion
for η now reads
∇µ∇νη + 1
2
gµνRη = 0. (5.5)
For the two dimensional case at hand it can be verified that these equations are completely
equivalent to
∇2η +Rη = 0 and ∇µkν +∇νkµ = 0 (5.6)
where kµ = −(1/2)σµν∇νη. In particular, the latter condition states that kµ must be a
Killing vector field. According to the discussion following equation (4.23), η must therefore
be, up to a constant, a linear combination of the expectation values of Tˆ , Kˆ and Dˆ.
The unknown constant is fixed at zero by the first equation in (5.6) which requires that
η is a linear combination of the real and imaginary parts of the expectation values of
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the conformal generators {Vˆn}. This follows from the discussion after equation (4.22). We
conclude that there are three linearly independent solutions for η, namely 〈Tˆ 〉, 〈Kˆ〉 and 〈Dˆ〉.
In the gravitational context it is known that there is associated with a solution of (5.5)
the constant quantity
M = −1
2
[
(∇η)2 +Rη2/2] (5.7)
which is traditionally identified with the mass or energy of the gravitational system [38–
40]. One expects the value of M to reflect an intrinsic property of the generator Gˆ =
uTˆ + vDˆ + wKˆ corresponding to the particular solution η = 〈Gˆ〉. Evaluating (5.7) yields
M = k2 (4uw−v2). The algebraic content of this quantity can be understood by noting that
(2v2−8uw) is the norm squared of iG (as an abstract algebra element) with respect to the
su(1, 1) Killing form. Positive M therefore corresponds to compact operators, negative M
to non-compact hyperbolic operators and vanishing M to parabolic operators [1].
5.3 Quantum and dilaton dynamics
In this final section we investigate the link between the dynamics of the symmetry gen-
erators on the quantum level and the dynamics of the dilaton itself. For concreteness we
again focus on a particular choice of su(1, 1) Hamiltonian, namely
Hˆ(t) = Tˆ + γ(t)Kˆ =
1
2
(
pˆ2 +
g
xˆ2
)
+
γ(t)
2
xˆ2. (5.8)
Here γ(t) is an arbitrary time-dependent source. Returning now to (t, β) coordinates we
find using (3.16) and (3.17) that
ds2 =
k
2β2
[
(1− γ(t)β2)2dt2 + dβ2] and σ = k(1− γ(t)β2)
β2
dt ∧ dβ. (5.9)
The metric is still AdS2 with a scalar curvature of R = −4/k. As before the solution
to the dilaton equations of motion is a linear combination of the expectation values of
{Tˆ , Dˆ, Kˆ} = {Vˆ−1, Vˆ0, Vˆ1}, now with respect to the states in (3.14). On the quantum
mechanical level the dynamics of the Heisenberg picture generators are given by
d
dt
Vˆn(t) = [iHˆH(t), Vˆn(t)] =
1∑
k=−1
ΛknVˆk(t) with Λ =
 0 −1 02γ(t) 0 −2
0 γ(t) 0
 . (5.10)
Here Λ is iHH(t) in the adjoint representation of su(1, 1). The general solution for the
dilaton reads η(t, β) = 〈t, β|Gˆ|t, β〉 = 〈β|U(t)GˆU †(t)|β〉 where U(t)GˆU †(t) = ∑i αi(t)Vˆi
and Gˆ ∈ su(1, 1). It is straightforward to show that the αi-coefficients satisfy
d
dt
αn(t) = −
1∑
k=−1
ΛnkVˆk(t). (5.11)
Note that (5.10) and (5.11) differ through the replacement of Λ with −ΛT . Whereas the
evolution of the generators is governed by iHH(t) in the adjoint representation, the αi-
coefficients evolve according to iHH(t) in the dual of the adjoint representation. However,
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for semi-simple Lie algebras these two representations are known to be isomorphic, in this
case through the mapping α±1 ⇔ Vˆ∓1 and α0 ⇔ −2Vˆ0. Indeed, this mapping trans-
forms the equations of motion for the αi-coefficients in (5.11) into those for the generators
in (5.10). Returning to dilaton solution η(t, β) we find
η(t, β) = 〈t, β|Gˆ|t, β〉 = 〈β|
∑
i
αi(t)Vˆi|β〉 = kα−1(t)
β
+ kα1(t)β (5.12)
in which α0(t) does not appear explicitly. Here we have made use of (4.10) and (4.13) to
show that 〈β|Hˆ|β〉 = k/β, 〈β|Kˆ|β〉 = kβ and 〈β|Dˆ|β〉 = 0. Eliminating α0(t) and Vˆ0(t)
from (5.10) and (5.11) then yields the two sets of equations of motion
dα1
dt
= −γ(t)dα−1
dt
d2α−1
dt2
= −2γ(t)α−1 + 2α1 (5.13)
dTˆ
dt
= −γ(t)dKˆ
dt
d2Kˆ
dt2
= −2γ(t)Kˆ + 2Tˆ (5.14)
It is now clear that the dynamics of α1 and α−1 exactly mirror that of Tˆ =
1
2
(
pˆ2 + g
xˆ2
)
and Kˆ = 12 xˆ
2. Indeed, it can be verified that (5.13) is exactly the result of substituting
the form of η(t, β) on the right of (5.12) into the dilaton equations of motion in (5.5).
These observations agree with those of [18] which identify the boundary dynamics of 2D
AdS gravity with that of a conformally invariant mechanical system. Here we see how this
comes about in a concrete way. The quantum dynamics are encoded into the state manifold
via the definitions in (3.14) and are then transferred to the metric in (3.16). This metric is
a solution of the 2D dilaton gravity model, and this dynamic information is then encoded
in the dynamics of the dilaton and, through the self-duality of the adjoint representation,
appear in the equations of motion for the expansion coefficients of η(t, β).
6 Discussion
We have analysed various aspects of the procedure outlined in section 1 and demonstrated
its implementation for the case of two dimensional state manifolds generated through com-
plexified time evolution. The central theme was that the geometric structures defined
on the quantum Hilbert space can be used to generate, in a systematic and constructive
manner, manifolds with geometries which encode a desired set of quantum mechanical
symmetries. Furthermore, the geometries that result from this, together with a certain
class of scalar fields defined on them, allowed for an interpretation from the viewpoint of
two-dimensional dilaton gravity. Several aspects of the AdS/CFT philosophy, such as the
emergence of additional bulk dimensions and the generic asymptotically AdS nature of the
metric, followed from this approach. In this way we were able to provide a novel perspec-
tive on existing results in the AdS1/CFT2 literature. Also noteworthy was the important
role played by the symplectic structure; a quantity which is usually absent in standard
implementations of the AdS/CFT duality.
Many questions and avenues for further investigation are evident. Higher dimensional
constructions for systems exhibiting conformal or Schro¨dinger symmetry can be performed,
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and preliminary results [41] show that this approach indeed generates the geometries in-
troduced in previous studies of gravity duals for non-relativistic CFT s [13, 16]. However,
in this higher dimensional setting translating between the quantum mechanical and grav-
itational interpretations of the geometry, and the structures defined on it, will be more
challenging. We will pursue these questions elsewhere. Also of interest would be a bet-
ter understanding of how the generating functional for correlation functions, the central
quantity in higher dimensional AdS/CFT constructions, can be incorporated in the two-
dimensional case. The path integral formalism for coherent state transition amplitudes
might provide insight here [42]. Although we have not focused on this aspect here, a de-
tailed study of the physical content of the state manifold’s Riemannian curvature would
also be interesting. Results in this direction have appeared in [4].
Finally we note the apparent absence of the usual large-N limit. The latter is a key
feature of the standard AdS/CFT framework [12, 13] as it leads to a classical gravitational
theory in the bulk. The models that underpinned our two dimensional geometries were
not true gauge theories, and so N did not enter into the construction. See also [16] in this
regard. However, in the setting of conformal quantum mechanics it is perhaps natural to
identify the su(1, 1) irrep label k as the analogue of N . Indeed, by equation (4.11) the
square of the AdS2-radius is proportional to k, and the large-k limit therefore yields an
increasingly flat geometry. The same applies to a construction based on an su(2) symmetry
in the semi-classical large-j limit. On the other hand, our construction did not rely on these
limits and yet appears to correspond to the saddle-point of the gravitational theory. The
precise reason for this is still unclear. One might speculate that this is related to the
Hamiltonian being an element of the symmetry algebra as this results in the symmetry
generators’ equations of motion closing on a finite set of coupled equations which exactly
mirror the classical dilaton dynamics.
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A BCH and related identities for su(1, 1)
In the discussion of the su(1, 1) model of CQM we make use of several identities of the
Baker-Campbell-Hausdorff variety. These are easily generated using symbolic computation
and the two dimensional irrep of su(1, 1) [43]:
Hˆ =
1
2
[
1 −1
1 −1
]
Dˆ = − i
2
[
0 1
1 0
]
Kˆ =
1
2
[
1 1
−1 −1
]
. (A.1)
For example, it can be verified that
eKˆ+(uTˆ + vDˆ + wKˆ)e−Kˆ+ = (2u− iv)Kˆ0 − 2uKˆ+ + 1
2
[w + iv − u]Kˆ−. (A.2)
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Products of exponentials involving algebra elements can also be brought into the canonical
form exp[Y+Kˆ+] exp[2 log[Y0]Kˆ0] exp[Y−Kˆ−]. The following cases will prove to be useful:
eiτ Tˆ e−Kˆ+ =⇒ Y+ = τ − i
τ + i
Y0 =
i
i+ τ
(A.3)
eiλDˆeiτ Tˆ e−Kˆ+ =⇒ Y+ = 1 + 2
iτeλ − 1 Y0 =
ieλ/2
i+ τeλ
(A.4)
eiλKˆeiτ Tˆ e−Kˆ+ =⇒ Y+ = −1 + 2iτ
τ(i+ λ)− 1 Y0 =
1
1− τ(i+ λ) (A.5)
eiτ(Tˆ+α
2Kˆ)e−Kˆ+ =⇒ Y+ = tan(ατ)/α− i
tan(ατ)/α+ i
Y0 =
α
α cos(ατ)− i sin(ατ) (A.6)
Finally, for exp[z¯Kˆ−] exp[zKˆ+] we find Y0 = (1− zz¯)−1 and so
〈k, 0|ez¯Kˆ−ezKˆ+ |k, 0〉 = (1− zz¯)−2k. (A.7)
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